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Abstract 

Sustainable development initiatives generate extensive datasets that combine environmental, 

economic, and social metrics. These datasets are often high-dimensional and typically display 

structured relationships that arise naturally in matrix or tensor formats. Many traditional 

artificial intelligence (AI) methods reduce such data by transforming it into flat vector forms, 

which can result in the loss of significant relationships across spatial, temporal, and sectoral 

dimensions. 

Based on the ideas of applied linear algebra, this paper presents an organised artificial 

intelligence framework for sustainable systems. To create comprehensible and computationally 

effective AI models, the framework integrates methods including spectral stability analysis, 

tensor decomposition, and low-rank matrix approximation. Additionally included are 

mathematical findings pertaining to the convergence behaviour of matrix-based learning 

algorithms and optimal low-rank approximation. 

The proposed framework is demonstrated through two practical applications: renewable energy 

production forecasting and completion of missing Sustainable Development Goal (SDG) 

indicators. The findings demonstrate that organized linear algebraic models enhance 

dimensionality reduction, model robustness, and clarity, all while preserving solid 

mathematical principles. The research underscores the importance of matrix and tensor 

techniques in enhancing AI-based evaluation for sustainable development 
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1. Introduction 

The results show that while maintaining sound mathematical principles, organised linear 

algebraic models improve dimensionality reduction, model resilience, and clarity. The study 

emphasises how crucial matrix and tensor approaches are to improving AI-based assessment 

for sustainable development. These kinds of data frequently have correlations across multiple 

dimensions and are highly organised. For instance, data on energy production may differ 

depending on the type of energy source, time period, and geographic location. Similarly, 

relationships between countries, economic sectors, and time periods are often included in SDG 

indicators. Sustainability data naturally takes on matrix and tensor representations as a result of 

these linkages. 

Artificial intelligence and machine learning techniques are increasingly being used to evaluate 

sustainability data and support policy-making. Many traditional AI models ignore important 

relational patterns in structured datasets, viewing them as just vectors. Since matrix operations 

and linear transformations are the main components of modern AI algorithms, incorporating 

linear algebraic structures into the modelling process helps improve comprehension and 

efficiency. 
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This paper suggests an AI framework for sustainability systems based on matrices and tensors. 

This work's principal contributions include: 

• A low-rank matrix representation method for sustainability datasets 

• Tensor decomposition techniques for multi-dimensional data analysis 

• Spectral stability analysis for AI learning algorithms 

• Applications to renewable energy forecasting and SDG indicator completion 

The proposed approach provides a mathematically grounded framework for integrating linear 

algebra with artificial intelligence in sustainability research. 

2. Structured Data Representation in Sustainability Systems 

2.1 Matrix Representation 

Matrix expression is a natural way to express many sustainability datasets. Analyses a dataset 

that monitors several sustainability indicators for several countries: 

𝑋 ∈ 𝑅𝑚×𝑛 

Where, 

m = number of countries or regions 

n = number of sustainability indicators 

Values such as carbon emissions, the production of renewable energy, the availability of clean 

water, or measures of economic growth could be represented by each entry x_ij. 

In practice, correlations between indicators are often seen in these datasets. Countries that use 

renewable energy more frequently have better environmental results. These correlations 

suggest that the information can be effectively represented with fewer latent variables, 

suggesting that the matrix may have a basic low-rank design. 

2.2 Tensor Representation 

Sustainability datasets cover more than two dimensions in many real-world scenarios. For 

instance, observations may vary depending on time, place, and industry. Tensors provide a 

more suitable representation in certain situations. 

Let 

𝑆 ∈ 𝑅𝐶×𝑇×𝐾 

represent a third-order tensor where C 

= number of countries 

T = number of time periods 

K = number of sustainability indicators 

Multi-dimensional connections that matrices cannot fully capture are maintained by tensor 

representations. For example, climate data can change simultaneously across regions, eras, 

and climate variables. 

3. Low-Rank Matrix Approximation 

An essential method in linear algebra for examining organised datasets is low-rank matrix 

approximation. The main idea is to keep the most informative patterns while approximating a 

huge matrix with a lower rank matrix. 

We look for a matrix Y that minimises the reconstruction error given a sustainability data matrix 

X: 
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𝑉 𝑟 

min 
𝑌 

∣∣ 𝑋 − 𝑌 ∣∣2 

subject to 

𝑟𝑎𝑛𝑘(𝑌) ≤ 𝑟 
where ∣∣⋅∣∣𝐹 denotes the Frobenius norm. 

Low-rank approximation minimizes data redundancy and assists in recognizing the primary 

structures that affect sustainability indicators 

Theorem 3.1 (Optimal Low-Rank Approximation) 

Let the singular value decomposition (SVD) of matrix 𝑋 be 

𝑋 = 𝑈Σ𝑉𝑇 
The best rank-𝑟 approximation of 𝑋 in Frobenius norm is obtained by retaining only the 

largest 𝑟 singular values: 

𝑋𝑟 = 𝑈𝑟Σ𝑟 𝑇 
 

Proof Sketch 

 

Retaining only the greatest singular values minimises the approximation error since the 

Frobenius norm is unaffected by orthogonal transformations. The error that results can be 

written as 

 

𝑚𝑖𝑛(𝑚,𝑛) 

∣∣ 𝑋 − 𝑋𝑟 ∣∣2= ∑ 𝜎2 
𝐹 𝑖 

𝑖=𝑟+1 

 

which is minimal among all rank-𝑟 matrices. 

Sustainability Interpretation 

Sustainability metrics can be impacted by hidden causes that are revealed by low-rank 

structures. For instance, a number of economic indicators may rely on shared underlying causes 

like advancements in technology, education, or infrastructure. 

4. Tensor Decomposition for Multi-Dimensional Sustainability Data 

Sustainability systems frequently comprise three or more dimensions, whereas matrices 

represent two-dimensional interactions. We can extract patterns from such multi-way data using 

techniques for tensor decomposition. 

4.1 CP Tensor Decomposition 

Consider the ten 

sor 

𝑆 ∈ 𝑅𝐶×𝑇×𝐾 
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CP decomposition approximates the tensor as a sum of rank-one components: 

𝑅 

𝑆 ≈ ∑ 𝑎𝑟 ∘ 𝑏𝑟 ∘ 𝑐𝑟 

𝑟=1 

Where, 

𝑎𝑟represents country-related factors 

𝑏𝑟captures temporal patterns 

𝑐𝑟describes relationships among indicators 

The symbol ∘denotes the outer product. 

Theorem 4.1 (Uniqueness of CP Decomposition) 

Let 𝐴, 𝐵, 𝐶denote factor matrices with Kruskal ranks 𝑘𝐴, 𝑘𝐵, 𝑘𝐶. If 

𝑘𝐴 + 𝑘𝐵 + 𝑘𝐶 ≥ 2𝑅 + 2 

 
then the CP decomposition is essentially unique. 

 

Interpretation 

Because of their uniqueness, the retrieved components are guaranteed to match significant 

sustainability criteria rather than mere mathematical abstractions. 

 

5. Spectral Stability in Matrix-Based AI Learning 

Most AI models are trained using iterative optimization techniques such as gradient descent. 

Let 𝑊𝑘denote model parameters at iteration 𝑘. The update rule is 

 

𝑊𝑘+1 = 𝑊𝑘 − 𝜂∇𝐿(𝑊𝑘) 
Where, 

η = learning rate 

L(W) = loss function 

Near equilibrium, this update can be approximated as 

𝑊𝑘+1 = (𝐼 − 𝜂𝐻)𝑊𝑘 

Theorem 5.1 (Spectral Convergence Condition) 

The learning process converges if 
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𝐹 

 

 

where 𝐻is the Hessian matrix. 

𝜌(𝐼 − 𝜂𝐻) < 1 

 

where 𝜌denotes the spectral radius. 

This leads to the condition 

 

 

 

 

0 < 𝜂 < 

 
 

 
2 

 
 

𝜆𝑚𝑎𝑥 

 
where 𝜆𝑚𝑎𝑥is the largest eigenvalue of 𝐻. 

Sustainability Implication 

Stable training of AI models used in sustainability forecasting is ensured by this criterion. 

Learning algorithms may diverge and generate erroneous predictions in the absence of stability 

guarantees. 

6. Application to Renewable Energy Forecasting 

Renewable energy production data can be organized as 

𝐸 ∈ 𝑅𝑇×𝑆 

  

Where, 

T = time periods 
S = energy sources (solar, wind, hydro) 

 

Applying low-rank factorization 

𝐸 ≈ 𝑈𝑉𝑇 

reduces dimensionality while preserving dominant patterns. These latent factors often  

 

represent sustainability indicators across countries. 

Matrix completion estimates missing entries by solving 

min 
𝑌 

subject to 

𝑟𝑎𝑛𝑘(𝑌) ≤ 𝑟 

 
where 𝑃Ω represents observed entries. 

This approach reconstructs missing 

indicators while maintaining structural 

consistency in the dataset. 
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∣∣ 𝑃Ω(𝑋 − 𝑌) ∣∣2 

 
 

7. Computational Framework 

Algorithm: Matrix–Tensor Sustainability Learning 

1. Collect sustainability datasets. 

2. Represent data as matrices or tensors. 

3. Apply SVD or tensor decomposition techniques. 

4. Determine the optimal rank using spectral analysis. 

5. Train AI models using reduced-dimensional representations. 

6. Evaluate predictions and sustainability indicators. 

This workflow combines mathematical rigor with practical computational efficiency. 

8. Discussion 

Advantages 

 

1. Better interpretability of AI models 

2. Reduced dimensionality for large datasets 

3. Mathematical guarantees of convergence 

4. Efficient handling of structured data 

Limitations 

1. Tensor computations can be computationally expensive 

2. Determining the optimal rank remains challenging 

3. Sparse datasets may affect decomposition accuracy 

Despite these challenges, matrix and tensor methods provide a promising direction for building 

reliable AI systems for sustainability analysis. 

1. Conclusion 

A structured artificial intelligence framework for sustainable development systems based on 

matrix and tensor representations was described in this research. The method blends concepts 

from applied linear algebra with contemporary AI techniques by including low-rank matrix 

approximation, tensor decomposition, and spectral stability analysis. 

 

The framework's practical usefulness is demonstrated by applications in renewable energy 

forecasts and the fulfilment of SDG indicators. The results show that employing structured 
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data formats can significantly improve comprehension, computational efficiency, and 

consistency in sustainability modelling. To improve sustainability analysis, future research 

could look into integrating these techniques with graph-based models and deep learning 

frameworks. 

 

 

 

 

 

 

 

 

 

 

 

 


