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Abstract

Whether a network of coupled dynamical units can reach a common state depends

strongly on how the units are connected. This paper examines that dependence through the

eigenvalues of the combinatorial graph Laplacian L = D − A. We derive new two-sided

bounds on the algebraic connectivity λ2(L) and on the eigenratio λN/λ2 in terms of the

degree sequence, the diameter and the edge-isoperimetric (Cheeger) constant of the graph.

We then study how λ2 changes when edges are added, deleted or rewired, using eigenvalue

interlacing, and we identify the edge additions that raise λ2 most for path, cycle, star and

regular graphs. These spectral results are applied to diffusively coupled identical oscillators.

We show that the synchronized state is locally stable exactly when the coupling strength

σ satisfies σλ2 > Λc for a critical constant Λc set by the node dynamics, and we give a

sufficient condition for synchronization of Kuramoto-type phase oscillators in terms of λ2
and the spread of natural frequencies. Computed examples on small-world and scale-free

graphs compare the derived bounds with the exact spectra and show the gain from targeted

edge additions over random ones. The results give a design rule for choosing network

topology to achieve synchronization at low coupling cost.

Keywords: Graph Laplacian; algebraic connectivity; eigenvalue bounds; Cheeger constant;
eigenvalue interlacing; network synchronization; Kuramoto oscillators; complex networks;
spectral graph theory.
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1. Introduction

Many natural and engineered systems, such as power grids, neuronal populations, sensor arrays
and coupled lasers, consist of units that interact along the edges of a network. A basic question is
how the wiring of the network, rather than the units themselves, decides whether the units settle
to a common state. Spectral graph theory answers this through the eigenvalues of the Laplacian
matrix [4, 2]. For a simple undirected graph G = (V,E) with N vertices, adjacency matrix
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A = (aij) and degree matrix D = diag(d1, . . . , dN), the combinatorial Laplacian is

L = D − A, Lij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
di, i = j,

−1, {i, j} ∈ E,

0, otherwise,

(1)

and it acts on a vector x ∈ RN through the quadratic form

x⊤Lx =
∑︂

{i,j}∈E

(︁
xi − xj

)︁2 ≥ 0. (2)

Hence L is symmetric positive semidefinite, its eigenvalues can be ordered as

0 = λ1(L) ≤ λ2(L) ≤ · · · ≤ λN(L), (3)

and λ2(L) > 0 if and only if G is connected. Fiedler [1] called λ2 the algebraic connectivity. By
the Courant–Fischer theorem,

λ2(L) = min
x̸=0
x⊥1

x⊤Lx

x⊤x
, λN(L) = max

x̸=0

x⊤Lx

x⊤x
, (4)

where 1 is the all-ones vector. Classical bounds relate λ2 and λN to simple graph invariants: for
a non-complete graph with minimum degree δ, maximum degree ∆ and diameter diam(G),

4

N diam(G)
≤ λ2(L) ≤

N

N − 1
δ, ∆+ 1 ≤ λN(L) ≤ 2∆ (5)

[1, 3, 2], where the right-hand bound on λN needs G to have at least one edge. A finer link
connects λ2 to the bottleneck structure of the graph. With the edge-isoperimetric (Cheeger)
constant

h(G) = min
S⊂V

0<|S|≤N/2

|∂S|
|S|

, (6)

where ∂S is the set of edges leaving S, one has

λ2
2
≤ h(G) ≤

√︁
λ2 (2∆− λ2) (7)

[5, 3]. Inequalities (5) and (7) are each tight only for special graph families, and they leave a
wide gap for the irregular graphs met in practice.

The spectrum enters dynamics in the following way. Consider N identical units on G with
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diffusive coupling of strength σ > 0,

ẋi = F (xi)− σ
N∑︂
j=1

Lij H(xj), i = 1, . . . , N, (8)

where F : Rm → Rm is the unit dynamics and H is the output function. The synchronized
state x1 = · · · = xN = s(t) solves ṡ = F (s). Linearizing about it and projecting onto the
eigenvectors of L decouples the perturbation into N − 1 transverse modes,

ξ̇k =
[︁
DF

(︁
s(t)

)︁
− σλkDH

(︁
s(t)

)︁]︁
ξk, k = 2, . . . , N, (9)

which is the master stability formulation of Pecora and Carroll [6]. For many oscillators the
stable region is {ζ : ζ > Λc}, so synchronization is stable when

σ λ2(L) > Λc, (10)

and the smallest coupling that suffices is

σc =
Λc

λ2(L)
. (11)

When the stable region is bounded, ζ ∈ (Λc,Λ
′
c), the requirement becomes λN/λ2 < Λ′

c/Λc, and
the eigenratio λN/λ2 is the governing quantity [7]. For phase oscillators, the Kuramoto model
on G,

θ̇i = ωi + σ
N∑︂
j=1

aij sin(θj − θi), r eiψ =
1

N

N∑︂
j=1

eiθj , (12)

reaches a phase-locked state when the coupling is large compared with the spread of the natural
frequencies ωi, and the required size depends on λ2 [8, 9]. Even the linear consensus protocol
ẋ = −Lx shows the same role of λ2, since

⃦⃦
x(t)− x̄1

⃦⃦
≤ e−λ2t

⃦⃦
x(0)− x̄1

⃦⃦
, x̄ =

1

N
1⊤x(0), (13)

so λ2 is the exponential convergence rate [10].

Equations (10)–(13) show that raising λ2 (and controlling λN ) is a design goal. A designer may
add or rewire edges, and if e = {u, v} is added to G, the Laplacian changes by a rank-one
update,

L′ = L+ beb
⊤
e , be = eu − ev, (14)

where eu is the u-th standard basis vector. Eigenvalue interlacing then gives

λk(L) ≤ λk(L
′) ≤ λk+1(L), k = 1, . . . , N − 1, (15)
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which bounds how much one edge can raise λ2 but does not say which edge is best.

The following gaps remain. Bounds (5) and (7) are used separately and are not combined into
one two-sided estimate that also covers the eigenratio. The effect of a single edge on λ2 is known
only through (15), with no explicit comparison of edge choices for standard graph families.
And synchronization conditions such as (10) are seldom converted into a rule for choosing the
topology at a given coupling budget. This paper addresses these gaps, and its key objectives are
the following.

1. To derive new two-sided bounds on the algebraic connectivity λ2(L) and on the eigenratio
λN(L)/λ2(L) in terms of the degree sequence, the diameter and the Cheeger constant
h(G) of the graph.

2. To quantify the change of λ2 under edge addition, deletion and rewiring by means of (14)
and (15), and to identify the edge additions that raise λ2 most for path, cycle, star and
regular graphs.

3. To obtain synchronization conditions in terms of λ2: the stability criterion (10) for identical
oscillators, and a sufficient condition for phase locking in the Kuramoto model (12) that
involves λ2 and the spread of the ωi.

4. To test the bounds and the edge-addition rule on small-world and scale-free graphs, by
comparing the bounds with exact spectra and targeted edge additions with random ones,
and to state a design rule for minimizing the coupling cost σc in (11).

Table 1 shows how the present paper differs from the closest existing studies.

Table 1 What is new in this paper compared with related studies

Study Bounds on
λ2

Eigenratio
bounds

Edge-change
analysis

Synchron.
criterion

Topology
design rule

Fiedler [1] ✓ × × × ×
Alon and Milman [5] ✓ × × × ×
Pecora and Carroll [6] × × × ✓ ×
Barahona and Pecora [7] × ✓ (numerical) × ✓ ×
Dörfler and Bullo [9] × × × ✓ (Kuramoto) ×
This paper ✓ ✓ ✓ ✓ ✓

The table shows that each of the cited works supplies one ingredient: spectral bounds, a
synchronization criterion, or numerical evidence on the eigenratio. The present paper joins them:
bounds for both λ2 and λN/λ2, an explicit edge-change analysis, and synchronization conditions
that lead to a topology design rule.
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The rest of the paper is organized as follows. Section 2 states the preliminaries and the tools used,
Section 3 proves the spectral bounds and the edge-perturbation results, Section 4 derives the
synchronization conditions, Section 5 reports the computed examples, and Section 6 concludes.

1.1 Spectral Tools and Auxiliary Results

Throughout, G = (V,E) is a simple, connected, undirected graph with N ≥ 3 vertices and
M = |E| edges, δ and ∆ are its minimum and maximum degrees, 1 is the all-ones vector,
J = 11⊤, and ei is the i-th standard basis vector of RN . The eigenpairs of L are (λk, uk) with
orthonormal uk and u1 = 1/

√
N .

[Edge vectors and incidence matrix] Orient every edge e = {i, j} arbitrarily and set

be = ei − ej ∈ RN . (16)

The incidence matrix B ∈ RN×M has the be as columns, and the Laplacian is

L = BB⊤ =
∑︂
e∈E

beb
⊤
e , x⊤Lx =

⃦⃦
B⊤x

⃦⃦2
=

∑︂
{i,j}∈E

(xi − xj)2. (17)

With the spectral decomposition

L =
N∑︂
k=1

λk uku
⊤
k , (18)

taking the trace of L and of L2 gives

N∑︂
k=1

λk = trL =
N∑︂
i=1

di = 2M,
N∑︂
k=1

λ2k = trL2 =
N∑︂
i=1

d2i + 2M, (19)

because (L2)ii = d2i + di.

[Min–max characterization] For k = 1, . . . , N ,

λk(L) = min
S⊆RN

dimS=k

max
x∈S
x̸=0

x⊤Lx

x⊤x
= max

S⊆RN

dimS=N−k+1

min
x∈S
x̸=0

x⊤Lx

x⊤x
. (20)

In particular, λ2 is the minimum of the Rayleigh quotient over x ⊥ 1, and λ2(L) > 0 if and only
if G is connected.

[Complement graph] Let Ḡ be the complement of G. Since L(G) +L(Ḡ) = L(KN) = NI − J ,

λk
(︁
L(Ḡ)

)︁
= N − λN−k+2

(︁
L(G)

)︁
, k = 2, . . . , N, (21)

and λ1(L(Ḡ)) = 0. In particular, λN(L(G)) ≤ N .
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[Spectra of standard graphs] For j = 0, 1, . . . , N − 1, the path PN and the cycle CN have

λj+1(PN) = 2− 2 cos
πj

N
= 4 sin2 πj

2N
, λ(CN) ∈

{︂
2− 2 cos

2πj

N

}︂N−1

j=0
, (22)

so that
λ2(PN) = 4 sin2 π

2N
,

λN(PN)

λ2(PN)
= cot2

π

2N
∼ 4N2

π2
, (23)

λ2(CN) = 4 sin2 π

N
,

λN(CN)

λ2(CN)
=

1

sin2(π/N)
(N even). (24)

The complete graph, the star and the complete bipartite graph have

specL(KN) = {0, N [N−1]}, specL(K1,N−1) = {0, 1[N−2], N}, specL(Kp,q) = {0, p[q−1], q[p−1], p+q},
(25)

where a[r] means that a occurs with multiplicity r.

[Adding one edge] Let e = {u, v} /∈ E, b = eu − ev and L′ = L + bb⊤, with eigenvalues λ′k.
Then

λk ≤ λ′k ≤ λk+1, k = 1, . . . , N − 1,
N∑︂
k=1

λ′k =
N∑︂
k=1

λk + 2. (26)

If the λk are simple and ck := u⊤k b = uk(u)− uk(v) ̸= 0 for k ≥ 2, the new eigenvalues µ = λ′k,
k ≥ 2, are the roots of the secular equation

1 +
N∑︂
k=2

c2k
λk − µ

= 0. (27)

Proof. The matrix bb⊤ is positive semidefinite of rank one, so the interlacing in (26) follows
from Weyl’s inequalities, and tr(bb⊤) = ∥b∥2 = 2 gives the trace identity. For (27), the matrix
determinant lemma gives

det(L′ − µI) = det(L− µI)
(︁
1 + b⊤(L− µI)−1b

)︁
, b⊤(L− µI)−1b =

N∑︂
k=1

c2k
λk − µ

, (28)

and c1 = 0 since b ⊥ 1.

[Effect of one edge on λ2] Under the assumptions of Lemma 1.1, let f be any unit Fiedler vector
of L. Then

λ2 ≤ λ′2 ≤ min
{︂
λ3, λ2 +

(︁
fu − fv

)︁2}︂
,

(︁
fu − fv

)︁2 ≤ 2
(︁
f 2
u + f 2

v

)︁
≤ 2. (29)

Proof. The lower bound and λ′2 ≤ λ3 are (26). For the last bound, use f ⊥ 1 as a test vector in
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(20):

λ′2 ≤
f⊤L′f

f⊤f
= f⊤Lf + (b⊤f)2 = λ2 + (fu − fv)2. (30)

[Edges that cannot help] If λ2 = λ3, then λ′2 = λ2 for every added edge. In particular, for N ≥ 4

adding one edge (a chord) to the cycle CN , or one edge between two leaves of the star K1,N−1,
leaves λ2 unchanged, because

λ2(CN) = λ3(CN) = 4 sin2 π

N
, λ2(K1,N−1) = λ3(K1,N−1) = 1. (31)

[Path closed into a cycle] The Fiedler vector of PN is fj =
√︁
2/N cos

(︁
π(j − 1

2
)/N

)︁
, j =

1, . . . , N , so the endpoints have the largest difference,

(f1 − fN)2 =
8

N
cos2

π

2N
. (32)

Adding the edge {1, N} produces CN , and by (23) and (24) the exact value is

λ2(CN) = 4 sin2 π

N
= 4 cos2

π

2N
λ2(PN) ≤ λ2(PN) +

8

N
cos2

π

2N
, (33)

so the exact gain is about 3λ2(PN) for large N , and it is consistent with (29).

[Deleting one edge] Let e ∈ E with G− e connected, and L′′ = L− bb⊤. Then

λ′′k ≤ λk ≤ λ′′k+1, λ2 − 2 ≤ λ′′2 ≤ λ2,
N∑︂
k=1

λ′′k = 2M − 2. (34)

The bound λ′′2 ≥ λ2 − 2 is attained by KN and KN − e, with λ2 = N and λ′′2 = N − 2.

[Trace bounds for λ2 and λN ] Set

µ =
2M

N − 1
, s2 =

1

N − 1

(︂ N∑︂
i=1

d2i + 2M
)︂
− µ2, (35)

which are the mean and variance of λ2, . . . , λN by (19). Then, by the Wolkowicz–Styan bounds
applied to these N − 1 numbers,

µ− s
√
N − 2 ≤ λ2 ≤ µ− s√

N − 2
, µ+

s√
N − 2

≤ λN ≤ µ+ s
√
N − 2. (36)

Consequently the eigenratio satisfies

µ+ s/
√
N − 2

µ− s/
√
N − 2

≤ λN
λ2
≤ µ+ s

√
N − 2

µ− s
√
N − 2

, (37)

183



Phoenix: International Multidisciplinary Research Journal
Vol 4, No. 3, July-Sep, 2026

ISSN: 2583-6897
where the right-hand inequality needs µ > s

√
N − 2. For a d-regular graph, µ = Nd/(N − 1)

and s2 =
N(d2 + d)

N − 1
− µ2.

[Degree, diameter and Cheeger bounds] With h(G) as in (6) and diam(G) the diameter,

λ2 ≥ Λ− := max
{︂
2δ −N + 2,

4

N diam(G)
,
h(G)2

2∆

}︂
, (38)

λ2 ≤ Λ+ := min
{︂ Nδ

N − 1
, 2h(G), µ− s√

N − 2

}︂
. (39)

The Cheeger terms come from (7), using h ≤
√︁
λ2(2∆− λ2) ≤

√
2∆λ2.

[Coupling threshold for synchronization] Suppose the synchronized state of (8) is stable if and
only if σλ2 > Λc, as in (10). Then the critical coupling σc = Λc/λ2 satisfies

Λc
Λ+
≤ σc ≤

Λc
Λ− , (40)

whenever Λ− > 0. Hence every added edge that increases Λ− lowers the guaranteed coupling
cost.

[Weighted Laplacian of a phase-locked state] Let θ∗ be a phase-locked solution of (12) with
|θ∗j − θ∗i | ≤ γ < π/2 on every edge. The Jacobian at θ∗ is

J (θ∗) = −σLw, wij = aij cos
(︁
θ∗j − θ∗i

)︁
≥ aij cos γ, (41)

and Lw is the Laplacian of the weighted graph. Since wij ≥ cos γ on edges, Lw ⪰ (cos γ)L in
the Loewner order, so

x⊤Lwx =
∑︂

{i,j}∈E

wij(xi − xj)2 ≥ cos γ x⊤Lx, λ2(σLw) ≥ σ cos γ λ2(L) > 0. (42)

Therefore θ∗ is locally exponentially stable, modulo the common rotation, with rate at least
σ cos γ λ2(L).

[Consensus rate] For ẋ = −Lx with x̄ = 1
N
1⊤x(0),

x(t)− x̄1 =
N∑︂
k=2

e−λkt (u⊤k x(0))uk, (43)

and therefore

⃦⃦
x(t)− x̄1

⃦⃦2
=

N∑︂
k=2

e−2λkt(u⊤k x(0))
2 ≤ e−2λ2t

⃦⃦
x(0)− x̄1

⃦⃦2
. (44)
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The rate λ2 is attained for initial data along a Fiedler vector.

Lemmas 1.1–1.1 supply the spectral tools for the bounds and the edge-perturbation results, and
Lemmas 1.1–1.1 convert them into synchronization and convergence statements.

2. Methodology

The study combines proofs and computation in five stages: (i) fix the graph and dynamical models
and the standing assumptions; (ii) combine the auxiliary results of Section 2 into computable two-
sided bounds on λ2 and on the eigenratio; (iii) analyse the effect of one added edge and, from it,
design a greedy edge-addition algorithm; (iv) convert spectral information into synchronization
thresholds for identical oscillators and for the Kuramoto model; (v) validate the results on graph
ensembles.

2.1 Model, Notation and Assumptions

(A1) G = (V,E) is simple, connected, undirected and unweighted with N ≥ 3 vertices
and M = |E| edges. Its Laplacian is (1), and B ∈ RN×M is the incidence matrix of
Definition 2.1 (columns be for an arbitrary orientation), so L = BB⊤.

(A2) Identical units on G are coupled as in (8), and the master stability function has stable
region ζ ∈ (Λc,Λ

′
c) with 0 < Λc < Λ′

c ≤ ∞, where Λ′
c =∞ is the half-line case (10).

(A3) Phase oscillators follow the Kuramoto model (12) with natural frequencies ω ∈ RN . Put

ω̄ =
1

N
1⊤ω, ω⊥ = ω − ω̄1, sω = ∥ω⊥∥2. (45)

The change of variables θi ↦→ θi− ω̄t replaces ω by ω⊥, so we assume 1⊤ω = 0 from now
on.

With y = B⊤θ ∈ RM the vector of edge phase differences, the Kuramoto model (12) takes the
form

θ̇ = ω − σB sin
(︁
B⊤θ

)︁
, (46)

and a phase-locked state satisfies θ̇ = 0, that is

B sin(y) =
ω

σ
, y = B⊤θ ∈ range(B⊤). (47)

Let L† be the Moore–Penrose inverse of L. We use two graph–frequency quantities,

ξ =
⃦⃦
B⊤L†ω

⃦⃦
∞ = max

e∈E

⃓⃓
b⊤e L

†ω
⃓⃓
, κ =

⃦⃦
B⊤L†B

⃦⃦
∞→∞ = max

e∈E

∑︂
e′∈E

⃓⃓
b⊤e L

†be′
⃓⃓
, (48)
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where P := B⊤L†B is the orthogonal projector of RM onto range(B⊤). Since the spectral
radius of P is 1, we have κ ≥ 1, and κ = 1 for trees.

2.2 Combined Spectral Bounds

From Lemmas 1.1 and 1.1 define the computable quantities

Λ− = max
{︂
2δ−N+2,

4

N diam(G)
,
h(G)2

2∆

}︂
, Λ+ = min

{︂ Nδ

N − 1
, 2h(G), µ− s√

N − 2

}︂
,

(49)
Λ−
N = max

{︂
∆+ 1, µ+

s√
N − 2

}︂
, Λ+

N = min
{︂
2∆, N, µ+ s

√
N − 2

}︂
, (50)

with µ and s as in (35).

[Two-sided bounds] For every graph satisfying (A1),

0 < Λ− ≤ λ2(L) ≤ Λ+, Λ−
N ≤ λN(L) ≤ Λ+

N , (51)

Λ−
N

Λ+
≤ λN(L)

λ2(L)
≤ Λ+

N

Λ− . (52)

Proof. The bounds on λ2 are Lemma 1.1, and Λ− ≥ 4/(N diam(G)) > 0 because G is con-
nected. For λN , use ∆+ 1 ≤ λN ≤ 2∆ (Section 1), λN ≤ N (Lemma 1.1) and (36), then take
the largest lower and the smallest upper bound. For (52), the numerator is at least Λ−

N and the
denominator at most Λ+ for the left inequality, and conversely for the right inequality.

To judge the bounds we define the tightness measures

τ− =
Λ−

λ2
∈ (0, 1], τ+ =

Λ+

λ2
≥ 1, τR =

Λ+
N/Λ

−

λN/λ2
≥ 1. (53)

[Computing h(G)] The Cheeger constant (6) requires a minimum over 2N subsets. For N ≤ 20

it is computed by enumeration. For larger graphs, the sweep cut over the ordering of the Fiedler
vector gives an upper bound h̃ ≥ h(G). It is used in Λ+, because λ2 ≤ 2h ≤ 2h̃ remains valid,
and the term h(G)2/(2∆) is dropped from Λ−, because a lower bound on h is not available.

2.3 Effect of One Added Edge

The design problem is to choose a set S of K non-edges, with Ē the set of non-edges of G, to
raise the algebraic connectivity:

max
S⊆Ē, |S|=K

λ2
(︁
L(G+ S)

)︁
. (54)
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The search space has

(︁|Ē|
K

)︁
elements, so a greedy heuristic is used. Let Em be the eigenspace

of λ2, of dimension m, with orthonormal basis Um = [u2, . . . , um+1] ∈ RN×m. For a non-edge
e = {u, v} with be = eu − ev define

ce = U⊤
mbe, g(e) = ∥ce∥22 =

⃦⃦
Um(u, :)− Um(v, :)

⃦⃦2

2
, (55)

which equals (fu − fv)2 for a unit Fiedler vector f when m = 1.

[One-edge step] Let L′ = L+ beb
⊤
e and let λ′2 = λ2(L

′).

(i) λ′2 ≥ λ2.

(ii) If m = 1, then λ′2 > λ2 if and only if g(e) > 0, and

λ2 < λ′2 ≤ min
{︁
λ3, λ2 + g(e)

}︁
. (56)

(iii) If m ≥ 2, then λ′2 = λ2, and its multiplicity in L′ is m− 1 if g(e) > 0 and m if g(e) = 0.

(iv) For a weighted edge, the one-sided derivative is

d

dw
λ2
(︁
L+ w beb

⊤
e

)︁⃓⃓⃓
w=0+

=

⎧⎨⎩(fu − fv)2, m = 1,

0, m ≥ 2.
(57)

Proof. (i) holds because L′ ⪰ L, or by Lemma 1.1. For x ∈ Em with b⊤e x = 0 we have
L′x = Lx = λ2x. This subspace has dimension m− 1 if ce ̸= 0 and m if ce = 0, so λ2 has at
least that multiplicity in L′. If m ≥ 2, interlacing (26) gives λ2 ≤ λ′2 ≤ λ3 = λ2, which proves
(iii) except for the exact multiplicity. Group the eigenvalues of L into distinct values θj with
spectral projectors Pj , so that the eigenvalues of L′ that are not eigenvalues of L are the roots of
the increasing function

φ(µ) = 1 +
∑︂
j

∥Pjbe∥2

θj − µ
. (58)

If P2be ̸= 0 then φ(µ) → −∞ as µ ↓ θ2 = λ2, so φ has a root strictly above λ2. This is the
eigenvalue that leaves λ2, so the multiplicity is exactly m− 1. For m = 1 this argument gives
λ′2 > λ2 when ce ̸= 0, and λ′2 = λ2 when ce = 0 (then f remains an eigenvector). The upper
bound in (56) is Lemma 1.1. Part (iv) is first-order perturbation theory: the derivative is the
smallest eigenvalue of the m×m matrix cec⊤e , which is ∥ce∥2 for m = 1 and 0 for m ≥ 2.

By Proposition 2.3(iii), when λ2 is multiple no single edge raises it, but each edge with g(e) > 0

lowers the multiplicity by exactly one. This is why the score (55) uses the whole eigenspace and
not only one Fiedler vector.
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2.4 Algorithm

Algorithm 1 Multiplicity-aware greedy edge addition (MGEA)

Require: Graph G0 = (V,E0) satisfying (A1), budget K, multiplicity tolerance εm
Ensure: Added edge set S, graph GK , and

{︁
λ
(t)
2

}︁K
t=0

0: S ← ∅; G← G0

0: for t = 0, 1, . . . , K − 1 do
0: Form L = L(G) and compute its eigenpairs {(λk, uk)}Nk=1; λ

(t)
2 ← λ2

0: m←
⃓⃓
{k ≥ 2 : λk ≤ λ2(1 + εm)}

⃓⃓
; U ← [u2, . . . , um+1] ∈ RN×m

0: Let Ē be the set of non-edges of G; if Ē = ∅ then break
0: for each {i, j} ∈ Ē do
0: gij ← ∥U(i, :)− U(j, :)∥22
0: end for
0: g∗ ← max{i,j}∈Ē gij; if g∗ = 0 then break
0: (i∗, j∗)← the maximizer of gij (ties: lexicographically smallest pair)
0: G← G+ {i∗, j∗}; S ← S ∪ {{i∗, j∗}}
0: end for
0: λ

(K)
2 ← λ2

(︁
L(G)

)︁
0: return S, G, {λ(t)2 } =0

[Properties of MGEA] Let mt and g∗t be the multiplicity and the maximal score at step t.

(i) Monotonicity: λ(t+1)
2 ≥ λ

(t)
2 for all t.

(ii) Step bound: if mt = 1, then λ(t)2 < λ
(t+1)
2 ≤ min

{︁
λ
(t)
3 , λ

(t)
2 + g∗t

}︁
.

(iii) Plateau: if m0 ≥ 2 and every chosen edge has positive score, then

λ
(0)
2 = λ

(1)
2 = · · · = λ

(m0−1)
2 < λ

(m0)
2 , (59)

so at least m0 additions are needed before λ2 increases.

Proof. (i) and (ii) follow from Proposition 2.3(i)–(ii). For (iii), each positive-score addition
lowers the multiplicity by exactly one by Proposition 2.3(iii), so after m0 − 1 additions the
multiplicity is 1 and the next addition raises λ2 by (ii).

Each step costs O(N3) for a dense symmetric eigensolver plus O(mN2) for the scores, so

TMGEA = O
(︁
K (N3 +mN2)

)︁
, (60)

with O(N2) storage. No approximation guarantee for (54) is claimed.
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2.5 Synchronization Thresholds

Identical oscillators. Under (A2), the synchronized state is stable when Λc < σλk < Λ′
c for

all k = 2, . . . , N , that is, when
Λc
λ2

< σ <
Λ′
c

λN
. (61)

This window is nonempty if and only if λN/λ2 < Λ′
c/Λc. Proposition 2.2 gives a certified

window,

σ ∈
(︂ Λc
Λ− ,

Λ′
c

Λ+
N

)︂
⊆

(︂Λc
λ2
,
Λ′
c

λN

)︂
, (62)

which is nonempty whenever Λ+
N/Λ

− < Λ′
c/Λc, because Λ− ≤ λ2 and λN ≤ Λ+

N .

Kuramoto oscillators. We use ξ and κ of (48), and for γ ∈ (0, π/2) the function

ψκ(γ) = γ − κ (γ − sin γ). (63)

[Locking thresholds] Let γ ∈ (0, π/2).

(i) Necessary condition. If (47) has a solution with ∥B⊤θ∥∞ ≤ γ, then

σ ≥ ξ

κ sin γ
. (64)

(ii) Sufficient condition. If ψκ(γ) > 0 and

σ ≥ ξ

ψκ(γ)
, (65)

then (47) has a solution with ∥B⊤θ∥∞ ≤ γ, which is locally exponentially stable modulo
a common rotation with rate at least σ cos γ λ2(L) (Lemma 1.1). The best choice is
γ∗ = arccos(1− 1/κ) when κ > 1, and then ψκ(γ∗) > 0.

(iii) Spectral bound on ξ.

ξ ≤ min
{︂
1,
√︂

2
λ2

}︂ sω√
λ2
≤ min

{︂
1,
√︂

2
Λ−

}︂ sω√
Λ−

. (66)

Consequently, (65) holds whenever

σ ≥ sω
ψκ(γ)

min
{︂ 1√

Λ−
,

√
2

Λ−

}︂
. (67)
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Proof. (i) Multiply (47) by B⊤L† and use B⊤L†B = P :

P sin(y) =
1

σ
B⊤L†ω =: y0, ∥y0∥∞ =

ξ

σ
. (68)

Then ξ/σ ≤ κ∥ sin y∥∞ ≤ κ sin γ.

(ii) Let K = {y ∈ range(B⊤) : ∥y∥∞ ≤ γ}, a compact convex set, and define Φ(y) =

y0 − P (sin y − y), which is continuous and maps into range(B⊤). Since t ↦→ t − sin t is odd
and increasing, |ye − sin ye| ≤ γ − sin γ on K, so

∥Φ(y)∥∞ ≤
ξ

σ
+ κ(γ − sin γ) ≤ ψκ(γ) + κ(γ − sin γ) = γ, (69)

where (65) was used. Hence Φ(K) ⊆ K and Brouwer’s theorem gives a fixed point y. For
y ∈ range(B⊤) we have Py = y, so the fixed-point equation reduces to P sin y = y0, that is,
B⊤L†(︁B sin y − ω/σ

)︁
= 0. The vector B sin y − ω/σ is orthogonal to 1, and B⊤L† is injective

on 1⊥, so B sin y = ω/σ, which is (47). Stability follows from Lemma 1.1 because γ < π/2.
The optimal γ∗ solves ψ′

κ(γ) = 1− κ(1− cos γ) = 0.

(iii) Write b⊤e L
†ω =

⟨︁
(L†)1/2be, (L

†)1/2ω
⟩︁
. By Cauchy–Schwarz,

⃓⃓
b⊤e L

†ω
⃓⃓
≤

√︁
b⊤e L

†be
√
ω⊤L†ω, ω⊤L†ω ≤ ∥ω∥

2

λ2
=
s2ω
λ2
. (70)

The effective resistance Re = b⊤e L
†be = maxx(b

⊤
e x)

2/(x⊤Lx) satisfies Re ≤ 1, since x⊤Lx ≥
(b⊤e x)

2 for e ∈ E, and Re ≤ 2/λ2, since be ⊥ 1 and ∥be∥2 = 2. Hence Re ≤ min{1, 2/λ2}.
Replacing λ2 by Λ− ≤ λ2 enlarges the right-hand side, which gives the second inequality in (66).
Inequality (67) follows from (65) and (66).

Proposition 2.5 sandwiches the locking threshold σKur
c (γ) between (64) and (65). For a tree,

κ = 1 and ψ1(γ) = sin γ, so the two bounds coincide.

Design rule. Let GK = G0 + S be the graph after K additions. The coupling cost ratios

ρMSF
K =

Λc/λ2(GK)

Λc/λ2(G0)
=

λ2(G0)

λ2(GK)
, ρKur

K =
ξ(GK)

ξ(G0)
(71)

measure the saving in coupling strength. By Proposition 2.4(i), ρMSF
K ≤ 1 for MGEA, and the

edge set that maximizes (54) minimizes it.

2.6 Numerical Validation Design

Table 2 lists the graph ensembles. The path, cycle, star and ring lattice are deterministic, and
the two random ensembles use R = 100 independent realizations. For every graph the natural
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frequencies are drawn as ωi ∼ N (0, 1) and then centered so that 1⊤ω = 0.

Table 2 Graph ensembles and settings for the numerical study

Ensemble N Parameters R Budgets K
Path PN , cycle CN , star K1,N−1 20 deterministic 1 1–20

Ring lattice (4-regular) 20 each vertex joined to its 4 nearest 1 1–20

Watts–Strogatz small-world 100 neighbours k = 4, rewiring β = 0.1 100 5, 10, 20, 40

Barabási–Albert scale-free 100 m = 2 edges per new vertex 100 5, 10, 20, 40

Bound accuracy. For each graph the exact spectrum is computed by a dense eigensolver and
compared with the bounds through τ−, τ+ and τR of (53). Any instance with τ− > 1, τ+ < 1 or
τR < 1 would contradict Proposition 2.2 and is counted as a violation, which is expected to be
zero.

Edge-addition comparison. MGEA (Algorithm 1, εm = 10−8) is compared with two base-
lines: (B1) K non-edges chosen uniformly at random, and (B2) K non-edges chosen greedily
between the non-adjacent vertex pair of smallest degree sum. The performance measures are

GK =
λ2(GK)

λ2(G0)
, DK =

λ2
(︁
GMGEA
K

)︁
− λ2

(︁
Grand
K

)︁
λ2(G0)

, RK =
λN(GK)

λ2(GK)
, (72)

reported as mean ± standard deviation over the R realizations, with a paired Wilcoxon signed-
rank test at the 5% level for the differences between methods. The ratios ρMSF

K and ρKur
K of (71)

are computed for each method.

Kuramoto simulation. System (46) is integrated by the classical fourth-order Runge–Kutta
method with step ∆t = 0.02 up to T = 400 from the initial condition θ(0) = 0. A run is declared
locked if

max
i

⃓⃓
θ̇i(T )− θ̇(T )

⃓⃓
< 10−8, θ̇ = 1

N

∑︂
i

θ̇i, (73)

and the empirical critical coupling σemp is found by bisection on σ to a relative accuracy of 10−3,
assuming that locking is monotone in σ (checked on a coarse grid). The rigorous quantities ξ/κ,
ξ/ψκ(γ

∗) and the spectral bound in (66) are computed for the same instances, and Proposition 2.5
predicts the ordering

ξ

κ
≤ σemp ≤

ξ

ψκ(γ∗)
≤ ξspec

ψκ(γ∗)
, ξspec := min

{︂
1,
√︂

2
λ2

}︂ sω√
λ2
. (74)

Any violation of (74) is reported.
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3. Results and Discussion

All experiments follow the design of Section 3.6 unless stated otherwise. Spectra were computed
with a dense symmetric eigensolver, and the edge-addition experiments use R = 100 realizations
of each random ensemble and K ≤ 40. The Kuramoto simulations are much more expensive,
so they use N = 100, K = 20 and the first R = 28 realizations of each ensemble, with one
frequency vector ω per realization. They use RK4 with ∆t = 0.02, Tmax = 400 and early
termination once the residual in (73) falls below 10−9, and bisection to a relative accuracy of
10−2. In addition to (73), a run counts as locked only if every wrapped edge difference is below
π/2. This selects the regular locked state to which Proposition 2.5 refers. Without this condition,
some runs converged to locked states with larger phase differences, and the average threshold
was lower by about 6% (WS) and 2% (BA).

3.1 Accuracy of the Spectral Bounds

Table 3 compares the bounds of Proposition 2.2 with the exact spectra. For the deterministic
graphs (N = 20) the Cheeger constant was computed exactly. For the random ensembles
(N = 100) the Cheeger term was dropped from Λ− and Λ+ uses the sweep-cut value h̃ (Remark
in Section 3.2). No inequality in (51)–(52) was violated in any of the 204 graphs.

Table 3 Exact eigenvalues, bounds and tightness measures (53). WS and BA rows are
means over R = 100 graphs (± standard deviation for τ ).

Graph λ2 Λ− Λ+ λN Λ−
N Λ+

N τ− τ+ τR

Path P20 0.0246 0.0105 0.200 3.975 3.00 4.00 0.43 8.12 2.35

Cycle C20 0.0979 0.0200 0.400 4.000 3.00 4.00 0.20 4.09 4.89

Star K1,19 1.000 0.100 1.000 20.00 20.00 20.00 0.10 1.00 10.00

Ring lattice (4-reg.) 0.4799 0.0450 1.200 6.236 5.00 8.00 0.09 2.50 13.68

Watts–Strogatz (N = 100) 0.127 0.004 0.538 7.86 6.89 11.78 0.033± 0.006 4.33± 0.82 47.6± 10.1

Barabási–Albert (N = 100) 0.608 0.007 1.601 26.66 26.35 44.62 0.012± 0.001 2.64± 0.38 141.0± 18.7

The bounds are always valid but not always sharp. On the star, the upper bound Λ+ equals λ2
and Λ±

N equal λN , so these bounds are exact. The bounds on λN are informative on all graphs
(for WS the lower bound is 88% of λN and the upper bound is 1.5λN ). The lower bound Λ− is
weak, particularly for the large graphs where the Cheeger term is unavailable (τ− = 0.033 for
WS and 0.012 for BA), and this makes the eigenratio upper bound loose (τR ≈ 48 and 141). On
these graphs the bounds are useful as certificates, not as estimates.

3.2 Edge Addition on Symmetric Graphs

Table 4 gives λ2 after K additions for MGEA (Algorithm 1), for the random baseline B1 (mean
of 200 draws) and for the low-degree baseline B2.

The plateau prediction (59) of Proposition 2.4(iii) is confirmed in all four cases: λ2 stays constant
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Table 4 Algebraic connectivity λ2 after K added edges on the N = 20 graphs. B1 is the
mean over 200 random draws.

Graph Method K = 1 K = 2 K = 5 K = 10 K = 20 m0 first rise

Path MGEA 0.0979 0.0979 0.3820 0.7282 1.6982 1 K = 1

B1 0.0460 0.0691 0.1561 0.3394 0.8083

B2 0.0979 0.0979 0.1118 0.1684 0.3277

Cycle MGEA 0.0979 0.2786 0.3820 0.7867 1.8117 2 K = 2

B1 0.0979 0.1210 0.2194 0.4199 0.8878

B2 0.0979 0.0988 0.1314 0.1904 0.4424

Star MGEA 1.0000 1.0000 1.0000 1.0000 1.2432 18 K = 18

B1 1.0000 1.0000 1.0000 1.0000 1.0060

B2 1.0000 1.0000 1.0000 1.0000 1.1084

Ring lattice MGEA 0.4799 0.7618 1.0869 1.8356 3.0867 2 K = 2

B1 0.4799 0.5272 0.7254 1.0589 1.8135

B2 0.4799 0.4825 0.5852 0.7107 1.1624

for the first m0 − 1 additions and first rises at addition m0. On the path, the first edge joins the
two ends and gives λ2 = 0.0979 = λ2(C20), a gain by the factor 3.98 predicted in (33). The
resulting cycle has m = 2, so the second edge leaves λ2 unchanged (Corollary 1.1) and the third
raises it to 0.2786. The star is the extreme case: λ2 is constant for 17 additions, MGEA reaches
1.243 at K = 20, and random additions reach only 1.006 on average. At K = 20, MGEA gives
λ2 about 2.1 (path), 2.0 (cycle) and 1.7 (ring) times the random baseline.

3.3 Edge Addition on Random Networks

Table 5 reports the relative gain GK = λ2(GK)/λ2(G0) and the difference DK of (72). In all 200
instances λ2 of the initial graph was simple (m0 = 1), so the plateau phenomenon does not occur
here, and λ(t)2 was nondecreasing along every MGEA run, as Proposition 2.4(i) requires.

MGEA gave a larger λ2 than B1 in 100 of 100 realizations at every budget and for both ensembles
(Wilcoxon signed-rank test, p < 10−16), and likewise larger than B2. The relative gain is larger
for the small-world graphs, whose λ2 is small at the start (7.7 times at K = 40 against 3.8
times for random additions), than for the scale-free graphs, which already have hubs (2.15 times
against 1.42 times). The low-degree rule B2 works poorly on WS because it spreads edges over
the low-degree vertices without regard to the graph’s bottleneck. Adding edges also lowers the
eigenratio λN/λ2, as shown in Table 6: for WS it falls from 66.8 ± 19.9 to 9.5 ± 0.5 under
MGEA at K = 40, against 23.2 ± 4.2 under B1. Since the eigenratio governs the window
(61) for oscillators with a bounded stability region, this widens the coupling range in which
synchronization is stable.
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Table 5 Gain GK (mean ± s.d. over R = 100 graphs). MGEA is compared with random
(B1) and low-degree (B2) additions. DK = GMGEA

K − GB1
K .

Ensemble Quantity K = 5 K = 10 K = 20 K = 40

WS (λ2(G0) = 0.127± 0.034) MGEA 2.15± 0.42 3.01± 0.69 4.57± 1.15 7.67± 2.11

B1 1.31± 0.21 1.64± 0.37 2.32± 0.56 3.83± 1.20

B2 1.11± 0.11 1.19± 0.13 1.26± 0.14 1.43± 0.18

DK 0.83± 0.36 1.36± 0.53 2.25± 0.77 3.83± 1.23

BA (λ2(G0) = 0.608± 0.044) MGEA 1.27± 0.06 1.43± 0.08 1.69± 0.10 2.15± 0.14

B1 1.05± 0.04 1.10± 0.05 1.21± 0.07 1.42± 0.11

B2 1.03± 0.02 1.07± 0.05 1.19± 0.08 1.41± 0.11

DK 0.22± 0.06 0.32± 0.08 0.48± 0.10 0.72± 0.14

Table 6 Eigenratio λN/λ2 (mean ± s.d., R = 100). Initial values: WS 66.8± 19.9, BA
44.0± 8.8.

Ensemble Method K = 5 K = 10 K = 20 K = 40

WS MGEA 30.9± 4.5 22.2± 2.5 15.0± 1.2 9.5± 0.5

B1 53.6± 13.6 45.0± 10.9 33.8± 6.4 23.2± 4.2

B2 60.2± 17.1 57.0± 16.6 55.2± 16.1 50.1± 14.6

BA MGEA 34.6± 6.6 30.9± 5.9 26.0± 5.0 20.5± 3.9

B1 42.1± 8.4 40.2± 8.1 37.0± 7.4 31.9± 6.4

B2 42.9± 8.8 41.4± 8.9 37.2± 8.1 31.3± 6.6
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3.4 Kuramoto Locking Thresholds

Table 7 compares the empirical threshold σemp with the bounds of Proposition 2.5, for the
initial graphs and for the graphs obtained after K = 20 additions. The sufficient bound uses
γ∗ = arccos(1− 1/κ), and the last column is the spectral bound (67) with Λ− replaced by the
exact λ2, that is, ξspec/ψκ(γ∗).

Table 7 Kuramoto locking thresholds (N = 100, R = 28, mean values; σemp with s.d.). The
ordering (74) held in all 28 instances for each of the six rows.

Ensemble Graph κ ξ ξ/κ σemp ξ/ψκ(γ
∗) ξspec/ψκ(γ

∗)

WS G0 5.28 1.94 0.37 1.65± 0.54 4.69 65.0

MGEA (K = 20) 4.99 1.29 0.26 1.08± 0.21 3.02 30.9

B1 (K = 20) 5.10 1.37 0.27 1.17± 0.29 3.25 42.9

BA G0 4.17 1.51 0.36 1.36± 0.21 3.22 26.8

MGEA (K = 20) 4.15 1.31 0.32 1.18± 0.18 2.80 20.6

B1 (K = 20) 4.16 1.36 0.33 1.24± 0.21 2.91 24.2

The empirical threshold lies between the necessary and the sufficient bound in every instance,
as predicted. It is about 0.84 to 0.91 times ξ, and the maximal wrapped edge difference at σemp

was 1.54 to 1.57, close to π/2, so the threshold is the point at which the regular locked state
ceases to exist. The sufficient bound overestimates σemp by a factor 2.4 to 2.8, and the necessary
bound underestimates it by a factor 3.6 to 4.5, because κ is large (4.2 to 5.3) for these graphs.
The fully spectral bound (67) is 7 to 15 times the sufficient bound, since it loses information
when ∥ω⊥∥2 ∼

√
N is used in place of the edge-wise quantity ξ, so it is a rough certificate.

Table 8 tests the design rule. Adding 20 edges with MGEA raises λ2 much more than random
additions, so the identical-oscillator cost ratio ρMSF

K of (71) drops from 0.47 to 0.25 (WS) and
from 0.82 to 0.60 (BA). The Kuramoto threshold improves by much less.

Table 8 Effect of K = 20 added edges on the coupling cost (R = 28, mean ± s.d. for the
ratios). The p-value is a paired Wilcoxon test of σemp (MGEA against B1).

ρMSF
K ρKur

K = ξ(GK)/ξ(G0) σemp(GK)/σemp(G0) MGEA lower p

Ensemble MGEA B1 MGEA B1 MGEA B1 than B1

WS 0.25 0.47 0.70± 0.15 0.74± 0.14 0.68± 0.13 0.73± 0.13 19/28 0.036

BA 0.60 0.82 0.88± 0.11 0.91± 0.09 0.87± 0.11 0.91± 0.10 16/28 0.138

3.5 Discussion

Four conclusions follow from the experiments. First, the spectral bounds are correct in every
case tested, and exact for the star, but on graphs with N = 100 they are too loose to serve
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as estimates, mainly because the lower bound on λ2 lacks the Cheeger term there. Second,
the multiplicity-aware greedy algorithm behaves as Proposition 2.4 describes and raises λ2
substantially more than random or degree-based additions (3.8 times against 7.7 times on WS
at K = 40), and the plateau analysis explains why single-edge rules fail on symmetric graphs.
Third, for oscillators with a threshold of the form σλ2 > Λc, this gain translates directly into a
lower coupling requirement and a smaller eigenratio. Fourth, for the Kuramoto model the gain
does not carry over in the same proportion: σemp fell by 32% (WS) and 13% (BA) under MGEA,
against 27% and 9% under random additions, and the difference is significant at the 5% level
only for WS (p = 0.036, p = 0.138 for BA). The likely reason is that the Kuramoto threshold is
governed by the edge-wise quantity ξ, which depends on how ω⊥ projects onto the graph, and by
the cycle factor κ, which MGEA barely changes (5.28→ 4.99 for WS). Hence maximizing λ2 is
not the right objective when the target is the Kuramoto threshold.

The study has limits. The Kuramoto experiments use one budget (K = 20), one frequency vector
per graph and 28 realizations, and the bisection assumes that locking is monotone in σ. MGEA
is a heuristic with no approximation guarantee, and it was not compared with the exhaustive
optimum, which is impractical at N = 100.

4. Conclusion

This paper studied how the Laplacian spectrum of a network controls synchronization, and how
the spectrum can be improved by adding edges. Two-sided bounds on λ2 and on the eigenratio
were obtained from the degree sequence, the diameter and the Cheeger constant, and it was
shown that a single added edge raises λ2 only when λ2 is simple, and lowers its multiplicity by
exactly one otherwise. This led to a multiplicity-aware greedy algorithm whose λ2 trajectory
is monotone and follows a predictable plateau. For phase oscillators, necessary and sufficient
locking conditions were derived in terms of the edge-wise quantity ξ and the cycle factor κ, and
a spectral bound on ξ was added.

The numerical results confirmed the theory. All bounds held in 204 test graphs, the plateau
lengths m0− 1 matched the predictions on the path, cycle, star and ring lattice, and the algorithm
increased λ2 by 7.7 times on small-world graphs after 40 additions, against 3.8 times for random
additions, while cutting the eigenratio from about 67 to 9.5. The empirical Kuramoto thresholds
lay between the necessary and sufficient bounds in all 168 simulated instances. The improvement
of the Kuramoto threshold by MGEA was modest (32% against 27% for random additions on
WS, and not significant on BA), so the design rule based on λ2 is strongest for identical oscillators
with a threshold of the form σλ2 > Λc.

Future work includes obtaining a lower bound on the Cheeger constant that scales to large graphs,
which would tighten Λ− and the eigenratio bound, choosing added edges to minimize ξ or κ
directly, extending the analysis to weighted and directed networks, and studying whether the

196



Phoenix: International Multidisciplinary Research Journal
Vol 4, No. 3, July-Sep, 2026

ISSN: 2583-6897
greedy rule has an approximation guarantee.
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